Abstract. Being motivated by a representation formula associated with the Korányi-Folland nonisotropic gauge proved by Cohn and Lu, we prove an analogous representation formula related to the Carnot-Carathéodory distance on the Heisenberg group. Using this formula, we obtain some Hardy inequalities associated with the Carnot-Carathéodory distance on such groups.
Introduction
It is well known that Hardy's inequality and its generalization in R N play an important role in many areas of mathematics. In the case of the Heisenberg group H n , Garofalo and Lanconelli (cf. [9] ) first proved the following Hardy inequality:
where e is the origin of H n , d = (|z| 4 + t 2 ) 1 4 is the Korányi-Folland nonisotropic gauge induced by the fundamental solution and Q = 2n + 2 is the homogeneous dimension of H n (see also [10] ). P. Niu et al. ([12] ) generalized inequality (1.1) to the nonlinear cases. That is, for 1 < p < Q, we have (1.2)
To obtain (1.2), they used a Picone type identity on H n . D'Ambrosio (cf. [3, 4, 5] ) extended (1.2) to some degenerate elliptic differential operators such as the Heisenberg-Greiner operator, a Baouendi-Grushin type operator and the subLaplacian on Carnot groups. More recently, Danielli, Garofalo and Phuc (cf. [6, 7] ) consider various types of Hardy-Sobolev inequalities on a Carnot-Carathéodory space. They use the fundamental solution of the corresponding p-Laplace operator and generalize (1.2) to Carnot groups of arbitrary step. The aim of this paper is to prove an analogous Hardy-type inequality (1.2) on H n , where the Korányi-Folland nonisotropic gauge is replaced by the CarnotCarathéodory distance d cc on H n (we refer to [1, 11] for more information about this distance). To our knowledge, little is known about Hardy inequalities related to such a distance. Since d cc is not differentiable in the center of H n , it seems that the methods used in [3, 5, 7, 12] do not work for such a distance. To do so, we prove a representation formula associated with d cc , and the idea is due to Cohn and Lu ( [2] ). The main result is the following theorem.
The Hardy type inequalities with weights imply the following Hardy-Rellich type inequalities (see e.g. [14] for analogous inequalities on R N ).
and (1.5)
Finally, we obtain some Hardy inequalities involving the distance from the boundary which generalize a result of D'Ambrosio (cf. [5] 
Notation and preliminaries
Let H n = (C n × R, •) be the the (2n + 1)-dimensional Heisenberg group whose group structure is given by
are left invariant and generate the Lie algebra of H n . The commutators of these vector fields satisfy
with all other brackets equal to zero. We denote by
and the horizontal gradient is the (2n)-dimensional vector given by
We call a curve γ :
where the infimum is taken over all horizontal curves γ connecting ξ and η. It is known that any two points ξ, η on H n can be joined by a horizontal curve of finite length and then d cc is a metric on H n . An important feature of this distance function is that the distance and thus the associated metric balls are left-invariant. With this norm, we can define the metric ball centered at the origin and with radius ρ associated with this metric by
and the unit sphere Σ = ∂B cc (e, 1). For simplicity, we write
For each real number λ > 0, there is a dilation naturally associated with the group structure which is usually denoted as δ λ (z, t) = (λz, λ 2 t). The Jacobian determinant of δ λ is λ Q , where Q = 2n + 2 is the homogeneous dimension of H n . For simplicity, we use the notation λ(z, t) = (λz,
The polar coordinates on H n associated with d cc are the following (cf. [8] , Proposition 1.15 or [11] , via the coarea formula):
μ is a diffeomorphism of the interval (−π, π) onto R (cf. [1] ). We denote by μ 
On the other hand, if we set
, then the range of Φ is H n and the center Z is just the set of points 
Therefore,
since μ is a a diffeomorphism of the interval (−π, π) onto R.
Main results
To prove the main result, we first need the following representation formula, and the basic idea of the proof is the same as Cohn and Lu's (see [2] ).
Proof. Let ξ * be a point on the sphere, that is, ξ * = (z * , t * ), where d cc (z * , t * ) = 1. We consider for 0 < R 1 < R 2 the following difference using the fundamental theorem of calculus:
where ξ = (x, t) = ρξ * . Using equation (2.3), we have
Again using (2.3), we have
Combining (3.2), (3.3) and (3.4), we obtain
Rewriting the last expression into a solid integral using the polar coordinates over H n , we get
To finish our proof, it is enough to show that
This is done by the following Lemma 3.2. The proof of Lemma 3.1 is now completed.
Lemma 3.2. It follows that, for
Proof. Recall that if z = 0, then
where θ = μ −1 (t/ z 2 ). A simple calculation shows that, for j = 1, · · · , n,
Therefore, for ξ = (z, t) ∈ H n \ Z,
Similarly,
Using equations (2.3) and (2.4), we get
Therefore we obtain, by (2.5),
On the other hand, we have, again using equations (2.3), (2.4) and (2.5),
This completes the proof of Lemma 3.2. 
where |Σ| = Σ dσ (see [2] for an analogous representation formula associated with the Korányi-Folland nonisotropic gauge). We note the representation formula in Lemma 3.1 is also valid for f ∈ C(H n ) ∩ C 1 (H n \ Z). In fact, since ξ ∈ Z iff λξ ∈ Z for all λ > 0, one has, for all f ∈ C(H n ) ∩ C 1 (H n \ Z), as in the proof of Lemma 3.1, 
since Z is a measure-zero set. This means that the representation formula in Lemma 3.1 is valid for f ∈ C(H n ) ∩ C 1 (H n \ Z).
